Abstract-The authors have developed an algorithm for the determination of accurate closedform expressions of Green's functions for multilayered media. The algorithm is based on the fitting of the spectral domain Green's functions in terms of an asymptotic term plus a ratio of two polynomials. The fitting is carried out via the method of total least squares, which is a non-iterative method demanding very few computational resources. The resulting closed-form expressions for the Green's functions consist of a quasistatic term plus a sum of cylindrical waves. The quasistatic term provides the near-field behavior and the cylindrical waves provide the farfield behavior. As a consequence of this, the closed-form expressions are very accurate irrespective of the distance between the source point and the observation point.
The application of the method of moments (MoM) to the solution of mixed potential integral equations (MPIE) has proven to be an efficient numerical tool for the analysis of planar circuits and antennas [1] . In fact, several commercial software products that are currently used in the design of planar structures (such as "Ansoft Ensemble", "Zeland IE3D", and "Agilent Momentum") are based on the solution of MPIE by means of the MoM. In order to solve the MPIE arising from the analysis of planar structures, it is necessary to calculate the Green's functions (GF) for the scalar and vector potentials in multilayered media. These GF can be determined via numerical computation of infinite integrals that are commonly known as Sommerfeld integrals (SI). However, the highly-oscillatory nature of the integrands involved makes the numerical computation of SI cumbersome and time consuming [1] .
Some researches have developed specific techniques that make it possible to accelerate the numerical computation of SI [2, 3] . Unfortunately, these techniques have the drawback that they have to be repeatedly used every time the distance between the source and observation points changes. One technique for the computation of multilayered media GFs that has received much attention in the last fifteen years is the discrete complex image method (DCIM) [4] . This technique makes it possible to obtain closed-form expressions of the GFs without requiring numerical integration. However, the closed-form expressions have been recently found to produce unpredictable errors in the far-field computation of the GFs [5] . Although it is possible to raise the threshold value of the distance between source and observation points that marks the onset of numerical errors, this is achieved at the expense of a considerable CPU time consumption [5] . The sensitivity of the DCIM to far-field numerical errors seems to decrease when a surface waves term is included in the closed-form expression of the GFs [4, 6] . Unfortunately, the surface-waves term contains poles of the spectral domain GFs as well as residues of the spectral domain GFs at these poles, and the accurate determination of both the poles and the residues requires time-consuming algorithms [6] .
Very recently, the rational function fitting method (RFFM) has been proposed as an alternative technique to DCIM for the determination of closed-form expressions of multilayered media GFs [7] . In the new technique the GFs are expressed in terms of a quasistatic term plus a linear combination of cylindrical waves. The amplitudes and propagation constants of the cylindrical waves are obtained in the spectral domain by means of a vector fitting algorithm, which is an iterative algorithm. The main drawback of the RFFM is that the closed-form expressions for the GFs introduce unacceptable errors in the near-field [7] . These errors are caused by the Hankel functions representing the cylindrical waves, and in particular, by the non-physical near-field singularities present in these Hankel functions. In this paper, we present a revised version of the RFFM which substantially improves the original approach published in [7] . In one hand, the determination of the amplitudes and propagation constant of the cylindrical waves is carried out via the method of total least squares (TLS), which is a non-iterative algorithm with CPU time and memory requirements that are substantially smaller than those required by the vector fitting algorithm. On the other hand, in the new version of the RFFM the effect of the cylindrical waves singularities on the closed-form expression of the GFs is mathematically suppressed, and these closed-form expressions do not lead any more to near-field numerical errors.
Let (x , y , z ) be the coordinates of an infinitesimal dipole source embedded in a multilayered medium, and let (x, y, z) be the coordinates of an observation point placed in that multilayered medium. If we restrict ourselves to formulation C of Michalski and Zheng for MPIE [8] , the GF for the scalar potential as well as the elements of the dyadic GF for the vector potential can all be obtained by means of SI of the type
where
is the Bessel function of order n, G(k ρ ) stands for the spectral counterpart of any of the aforementioned GF, and SIP is an integration path in the first quadrant of the complex k ρ plane that detours around the poles and branch points of G(k ρ ) [1] . For an arbitrary multilayered medium, the functions G(k ρ ) can be obtained by means of the algorithms shown in the Appendix II of [8] .
By analogy with the theory presented in [7] , in this work the functions G(k ρ ) are approximated by expressions of the type
In Eq. (2), G as (k ρ ) stands for the asymptotic behavior of G(k ρ ) for large k ρ . This term is responsible for the near-field behavior of the spatial domain GF S n { G(k ρ ). Concerning the finite pole-residue series of Eq. (2), its spatial domain couterpart is a linear combination of cylindrical waves [7] .
When (2) is introduced in (1), the following equations are obtained
where H (2) n (•) are Hankel functions of second kind and order n. As commented in [7] , the Eqs. (3) and (4) lead to closed-form expressions of multilayered media GF provided the integrals S 0 { G as (k ρ ) and S 1 { G as (k ρ ) can be computed analytically. Therefore, with a view to obtaining closed-form expressions of the GF, the spatial domain counterpart of G as (k ρ ) must be analytical. Also, in order to ensure the accuracy of the approximation of Eq. (2), the functions G as (k ρ ) must be chosen in such a way that they do not introduce singularities which are not present in G(k ρ ) (please note that this latter condition is not satisfied by the functions G as (k ρ ) defined in [7] ). In the current work, the aformentioned constraints on G as (k ρ ) have all been fulfilled by expressing G as (k ρ ) in terms of the functions defined in Table 1 of [9] .
Once the functions G as (k ρ ) are chosen, the coefficients a i and p i (i = 1, . . . , M ) must be obtained in such a way that the approximation of Eq. (2) is as accurate as possible. In this paper, the choice of a i and p i has been optimized by means of the method of TLS [10] . For that purpose, Eq. (2) has been rearranged so as to express the finite pole-residue series as a ratio of two polynomials. Then, the resulting expression has been sampled at a set of N > 2M values of k ρ (k ρ = k ρ, j ; j = 1, . . . , N ), which has led to an overdetermined linear system of equations for the coefficients of the polynomials. The system of equations has been solved by means of the method of TLS, and then, the coefficients a i and p i have been subsequently determined in terms of the coefficients of the polynomials. One advantage arising from the application of the method of TLS is that the method gives an estimate for M (the number of terms retained in the pole-residue series) from the number of nonzero singular values obtained in the singular value decomposition [10] . Since the functions G(k ρ ) may have poles in the real axis of the complex k ρ plane, the samples k ρ, j (j = 1, . . . , N ) have been taken along a path placed in the first quadrant of the k ρ plane [4] .
It should be pointed out that the Hankel functions of Eqs. (3) and (4) have singularities as ρ → 0 (in fact, H (2) 0 (p i ρ) ∝ ln ρ and H (2) 1 (p i ρ) ∝ ρ −1 as ρ → 0), but these singularities are not necessarily shared by S 0 { G(k ρ )} and S 1 { G(k ρ )}. These non-physical singularities introduced by the Hankel functions prevent the approximations of (3) and (4) from giving accurate values of S 0 { G(k ρ )} and S 1 { G(k ρ )} as ρ → 0 (which is recognized in [7] ). In order to avoid this problem, we have carried out an expansion of the approximations of (3) and (4) for low ρ, and we have set to zero the coefficients multiplying the singular terms. As a result of this, we have obtained new equations for the coefficients a i and p i , and these new equations have been incorporated to the system of linear equations that is solved via the method of TLS. By doing this, the coefficients a i and p i are calculated in a way that intentionally avoids the non-physical singularities of Hankel functions as ρ → 0 in (3) and (4) .
The results obtained with the approximations of Eqs. (2), (3) and (4) have been compared with accurate values of G(k ρ ) and S n { G(k ρ )} (n = 0, 1) (in the case of S n { G(k ρ )} (n = 0, 1), these accurate values have been obtained by means of brute force numerical integration of SI). Excellent agreement has been found with both the spectral domain approximations and the spatial domain approximations. In the case of the spatial domain approximations, the near-field behavior of S n { G(k ρ )} has been found to be dominated by S n { G as (k ρ )} since the elimination of Hankel functions singularities prevent the Hankel functions from influencing the values of S n { G(k ρ )} as ρ → 0. The far-field behavior of S n { G(k ρ )} has been found to be dominated by the cylindrical waves for which |Im(p i )| <<< 1. This latter result agrees with the discussion following Table 1 of [7] .
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